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We study the 3D topology of Rayleigh-Taylor (RT) and Richtmyer-Meshkov (RM) single-modes,
which includes bubbles, jets and saddle points. We present an analytic description of the interface
as a whole, for arbitrary time-dependant acceleration g(t). The dependance of morphology on the
lattice - Hexagonal, square or triangular -of bubbles are investigated. RM accelerations in the case
of a large density ratio produce jets well separated from each other while, in RT case, jets are
connected by liquid sheets. We compare our analytic results to numerical simulations.
1
The RT and RM instabilities (RTI and RMI) play an
important role in astrophysics [1–3], in ion [4] and laser
[5] inertial confinement fusion (ICF), in shock-tube mix-
ing [6,7] and in chemical, nuclear or thermonuclear com-
bustion [8]. The asymmetry caused by RTI and RMI
in spherical implosions strongly alters the neutron yield
and energy gain in ICF targets [4,5]. Recently, it was
proposed to use experiments on very powerful existing
and future laser systems such as Omega and the National
Ignition Facility in the USA or the Laser Me´gaJoule in
France for modeling the unstable explosion of supernovae
(SN) [1,2] or unstable expansion of SN-remnants [1,2].
Flow with two shocks and mixing between them (similar
to SN-flow) takes place during an expansion of detona-
tion products after an explosion [3,9] (compare with [10]).
RTI/RMI are also significant for other astrophysical ap-
plications such as planetary nebulaes, Wolf-Rayet stars
and magnetospheres of neutron stars [3]. The physical
origins of exchange instabilities (RTI and RMI) are con-
nected with baroclinic generation of vorticity [3,11]. RTI
is driven by buoyancy (see reviews [3,12]). RMI occurs
after the passage of a shock wave through surface corru-
gations [3,6,7,11].
Configurations of 3D single-mode perturbations can be
represented by bubble lattices having various geometrical
symmetries: hexagonal (B6), square (B4) or triangular
(B3). The B stands for “bubble” and the digits 6, 4 and
3 correspond to the number of bubbles adjacent to the
chosen one. Saddles and jets also form lattices. In the
lattice B6 a jet J has three neighbouring jets. Therefore
the lattice B6 is the same time as the lattice J3.
Our goal is to describe 3D phenomena and their de-
pendence on both lattice symmetry and acceleration pro-
file, g(t). This approach is needed to understand phe-
nomena occuring in ICF, astrophysics, etc., because real
unstable flows are three-dimensional and the accelera-
tion, g(t), satisfies neither the RTI nor the RMI condi-
tions [13]. To begin our study, let us compare the ex-
amples in Fig.1 (2D) and Fig.2 (3D). They represent,
at time1 t = 1 , the position of the periodically per-
turbed interface η in the RM case. At t = 0, the
interface η(x, 0) ≡ η00 (resp. η(x, y, 0) ≡ η00) corre-
sponds to the plane z = 0 and the potential of the ve-
locity perturbation is ϕ(x, z, t = 0) ∝ cosxe−z [resp.
ϕ(x, y, z, 0) ∝ (cosx + cos y)e−z] in 2D (resp. 3D/B4).
These initial conditions are called “standard” because
they are widely used for small initial perturbations. The
heavy fluid, with density ρ, is above (z > η) the light fluid
with density ρl. Jets of dense fluid move down while light
bubbles rise up. Analytically we consider the case with
density ratio µ = ρl/ρ→ 0. Our method of calculation is
1Space is normalized by wavenumber k and t by k and initial
amplitude of velocity w0 (RM) or k and g (RT).
presented below.
In the 2D case (Fig. 1) [resp. 3D case (Fig. 2)],
the points B and J (resp. B, S and J) are very impor-
tant since they correspond to stagnation points. At these
points, the velocity of the fluid becomes zero relative to
the surface η.
FIG. 1. Rippled structure of 2D solutions. Periodic se-
quence of parallel valleys. There is a chain ..-B-J-B-J-.. of
tips of bubbles B and jets J.
FIG. 2. Geometry of a single 3D mode in a square lat-
tice (B4). Periodic cell structure in the horizontal plane or
two-dimensional crystal formed from points of tips of bubbles
B, jets J and saddles S marked by circles.
The 3D/B4 flow is invariant relative to 900-rotations
around B and J vertical axis and to 1800-rotations around
S axis (Fig. 2).
For small density ratios, µ ≪ 1, the whole flow is
clearly divided into two qualitatively very different parts.
The first is the bubble envelope imprinting into the dense
fluid. Bubbles brake the initially continuous dense fluid
and produce jets. Above the envelope, the dense fluid is
still in a contiguous state. The second part is the ejecta
(jets) pinched and driven down by the imprinting bub-
bles. The points B belong to the contiguous fluid and
the points S and J to the ejecta. The 3D pattern of the
ejecta is rather complicated (Fig. 3). The ejecta consists
of 1) wall type jets going down from B to S and 2) leg
type jets going from S to J. The bubble has the shape of
a well in the dense fluid. This well transforms into walls
or skirts around the points B.
The relevant topological measure of the form of the
ejecta is the geometrical ratio
Γ(t) = ∆zBS/∆zBJ , with ∆zMN = zM (t)− zN (t), (1)
where zB, zS and zJ are the vertical positions of the
points (Fig. 3). Γ is the ratio of the length of “skirt”
to the length of “legs”.
FIG. 3. Numerical results for RM (the triad in the upper
panel, t = 20) and RT (lower panel, t = 9) cases for the
lattices B6, B4 and B3 from left to right. The ratio is µ = 0.1.
The six direct numerical simulations (DNS) in Fig. 3
were done by a grid-characteristics method [14]. Several
interesting works are devoted to DNS of 3D RTI/RMI
flows [15].
Before presenting our results, let us give the bound-
ary conditions and spectral decomposition. The motion
is described by a velocity harmonic potential ϕ (the vor-
ticity is concentrated at the interface). Classical [3,12]
kinematic and dynamic conditions are
ηt = w| − ηxu| − ηyv|, ~v = {u, v, w}, ηt ≡ ∂η/∂t, (2)
2
ϕt| = ~v2|/2 + g(t)η, f | ≡ f |η ≡ f |z=η(x,y,t). (3)
We represent the potential by a Fourier series and the
surface η near stagnation points by a Taylor series
ϕ(x, z, t) =
N∑
n=1
ϕn(t)cnxe
−n∆z, (4)
∆z = z − η0, η(x, t) = η0(t) +
N∑
n=1
Kn(t)x
2n/(2n)!, (5)
where cnx = cosnx and N is the truncation number. It
defines the order of approximation of conditions (2,3).
2D solution. The expansion (4) satisfies ∆ϕ = 0. The
expressions (4,5) introduce geometrical η0,K1, ..,KN and
velocity ϕ1, .., ϕN unknowns for the ordinary differential
equation system in our method of asymptotic collocations
(MAC). We say asymptotic collocations because of the
close connection to the method of ordinary collocations
in which boundary conditions are approximated in a set
of discrete points {xi}. The equations of the MAC appear
asymptotically when all points xi tend to point B, or S,
or J [3,16]. In 2D, these equations, for N ≤ 6, were first
derived and integrated in [16] in case of bubbles.
The Fig. 1 presents the N = 5 solution. Here, for
the first time, we use high-order MAC to study jets.
We carefully describe acceleration of the jet and for the
RM case obtain very accurate values for its terminal
(asymptotic) velocity, wJ (t = ∞, N = 5) = −1.923
(wJ (t) ≡ η˙0 ≡ η˙(xJ , t)), standard initial conditions. The
accuracy of this value is ε(1) = 10−1.0, ε(2) = 10−2.3,
ε(3) = 10−3.16 and ε(4) = 10−3.43, where ε(N) =
|wJ (∞, N + 1) − wJ (∞, N)|/|wJ (∞, N)|. Since the er-
ror is very small, the MAC may be used to control the
accuracy of other methods.
3D solution. For the B4 lattice we have
ϕ(B4)(x, y, z, t) =
∑∑
ϕnm(t)cnxcmye
(4)
nm,
η(x, y, t) =
∑∑
Knm(t)x
2ny2m/(2n)!(2m)!,
where 0 ≤ n +m ≤ N, e(4)nm = exp(−q(4)nm∆z), K00(t) =
η0(t) and q
(4)
nm =
√
n2 +m2. The unknowns in the system
are η0,Knm, ϕnm. For N = 1, the indices (n,m) are 10
and 01. ForN = 2, they are 10, 01, 20, 11 and 02. Points B
and J (but not S) are symmetric, ϕnm = ϕmn andKnm =
Kmn. At the lowest order N = 1 (Layzer approximation
[3,16–21]) the unknowns, at points B and J, are η0,K,w,
where K = K10 = K01 is the curvature and w = −ϕ10 =
−ϕ01 is the velocity of a bubble or a jet. The system
N = 1 for the B4 lattice, valid in points B and J, has
been derived and solved for the RM case in [16]. The 2D
N = 1 system was considered in [3,16–21] and 3D N = 1
systems for B6 and B4 cases were examined in [3,16,20].
This is the first time we use MAC to describe the
dynamics of all three kinds of points (B, S and J) at
order N = 2. It appears much more complicated than
N = 1 (compare also with 2D, N ≤ 5). The termi-
nal velocities of RM jet and saddle are wJ (∞, N =
1) = −√2, wJ (∞, N = 2) = −1.698 and wS(∞, N =
1) = −0.572, wS(∞, N = 2) = −0.512. This gives an
accurate asymptotic value of the geometrical ratio (1),
Γ → wS(∞)/wJ (∞) as t → ∞. Fig. 2 gives an example
of second order solution.
For the B6 and B3 lattices, we have in first order
ϕ(B6,3) = [ϕ+0(t)c+ + ϕ−0(t)c− + ϕ+−(t)c]e−∆z,
where c± = cos~k±~r, c = cos~k0~r, ~k± = {1/2,±√3/2, 0},
~k0 = {1, 0, 0} and ϕ+0 = ϕ−0 = ϕ+− for B and J points.
The first order dynamical systems for points B and J
for all three lattices B6, 4 and 3 are the same [16]: η˙0 = w,
w˙ = −[w2 + 4g(t)K]/2(1 + 2K), K˙ = −(1 + 4K)w/2,
where f˙ ≡ df/dt. In this system, we emphasize that g(t)
is an arbitrary function. Eliminating t between first and
last equations, we obtain dK/dη0 = −1/2 − 2K. The
solution is
K(η0) = −1/4 + exp(−2η0)/4. (6)
The 2D analog is dK/dη0 = −1 − 3K and K = −1/3 +
exp(−3η0)/3. The solution (6) has linear asymptotes for
|η0| ≪ 1 and tends to −1/4 for |η0| ≫ 1. In the linear
stage we have η ≈ η0(c1x+c1y)/2 (B4), η ≈ η0(c++c−+
c)/3 (B6,3) and K ≈ −η0/2.
In RM case, the differential system has integrals [16]√
1 + 2K
1 + 4K
− 1√
2
ln
√
2 + 4K +
√
1 + 4K
(
√
2 + 1) exp(−√2) = w0t, (7)
w0
w
− 1 + 1
2
√
2
ln
(√
2 + 1√
2− 1
√
2w0 − w√
2w0 + w
)
= w0t. (8)
Substituting solution K(η0) (6) into (7) we obtain√
1 + e2η0
2
− 1− 1√
2
ln
√
1 + e−2η0 + e−η0√
2 + 1
= w0t. (9)
In (7-9) w0 is the initial velocity of B or J points. We
will assume that this initial velocity for the tip of bubble
B is equal to 1 for all lattices. Then initial velocities
of points J are −1/2,−1 and −2 for lattices B6,4 and 3
respectively. Similarly to (7-9), the 2D solution has been
obtained previously [3,16,19,21]. The integrals (7-9) give
η0(t),K(t), w(t) in analytic form for all times from initial
to asymptotic state. They are valid in the RM case for
B and J points of B6,4 and 3 lattices.
It is very suprising that the relationK(η0) (6) between
the main geometrical characteristics η0 and K for a bub-
ble penetrating into the dense fluid does not depend upon
3
g(t) for N = 1. This means that the relation is only
weakly dependent on g(t) in the general case with arbi-
trary N.
The system for N = 2 is rather long and can not be
given here. However, for saddles and N = 1, we have:
η˙0 = α− β, (10)
K˙ = −(1 + 3K)α+Kβ, (11)
Q˙ = −Qα+ (1 + 3Q)β, (12)
− (1 +K)α˙+Kβ˙ = α2 + g(t)K, (13)
−Qα˙+ (1 +Q)β˙ = β2 + g(t)Q (14)
in the B4 case with ϕ = (−αc1x + βc1y)e−∆z. For B6,3
we have
η˙0 = 2α− γ, (15)
2K˙ = −(1 + 6K)α+ 2(1 + 3K)γ, (16)
2Q˙ = −(3 + 10Q)α+ 2Qγ, (17)
− 2(1 + 4K)α˙+ 4(1 +K)γ˙ = (α− 2γ)2 + 4g(t)K, (18)
− 2(3 + 4Q)α˙+ 4Qγ˙ = 9α2 + 4g(t)Q, (19)
where α and γ are the amplitudes of potential ϕ =
[−α(c+ + c−) + γc]e−∆z written with respect to the
point S. In the standard case, initial conditions are
α(0) = γ(0) = −1/3 (B6), α(0) = β(0) = −1/2 (B4),
α(0) = γ(0) = 2/3 (B3) and η0(0) = K(0) = Q(0) = 0
(B6,4,3). From (10) and (15), initial velocities of the
saddles are −1/3 (B6), 0 (B4) and 2/3 (B3) - to be com-
pared with initial velocities of jets. Although, the sys-
tems are the same for B6 and B3, the initial conditions
differ. From systems (10-14) or (15-19) we found numer-
ically the trajectories of saddles η0(t) and the evolution
of the curvatures K(t), Q(t). The terminal velocities of
saddles in RM case are wS(∞, N = 1) = −0.748 (B6),
wS(∞, 1) = −0.572 (B4) and wS(∞, 1) = −0.196 (B3).
In Fig. 4 we present the time variation of the geo-
metrical ratio Γ. Initial values of the ratio are ΓB6(t =
0) = 8/9, ΓB4(0) = 1/2 and ΓB3(0) = 1/9. Simulations
(µ = 0.1) fit rather well with the theory (µ→ 0) although
µ differs. We observe that the agreement between theory
and simulation is better for the RMI than for the RTI.
The increase of N significantly improves the accuracy
(for the B4 system, the N = 2 curve and the one coming
from simulation are very close for the RMI). The function
g(t) influences therefore the evolution of this ratio. The
morphology of the ejecta mainly depends on the type of
lattice. The shortest skirts are obtained for the B3 lat-
tice (lower set of curves) which produces powerful and
fast jets (Fig. 3). Previously, it has been shown [16] that
for random (turbulent) cases, the patterns are similar to
the B6 and B4 lattices (B3 lattices occur only for special
conditions). Moreover, B3 type structures may appear
after reshock and the corresponding rephasing because
B6 bubbles transform into B3 jets.
In summary, we have considered the effects of lattice
and time-dependant acceleration on the evolution of the
interface. We found that the shape of imprinting bub-
bles is very weakly dependent on these factors, but the
position of the bubbles depends on the history of the ac-
celeration. At the same time, the shape and dynamics of
the ejecta appear very sensitive to both factors.
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FIG. 4. Effect of lattice symmetry and acceleration history
on the evolution of the shape of η. The upper, middle and
lower sets of curves correspond respectively to the B6, B4
and B3 lattices. The grey and black curves correspond re-
spectively to numerical simulations - see Fig. 3 - and to the
analytical approach with N = 1. The dashed curves have
been obtained from theory with N = 2. The curves labelled
by 1 (resp. 2) describe the RTI (resp. RMI).
[1] S.G. Glendinning et al., Astroph. J., Suppl. Ser. 127, 325
(2000).
[2] Ph. Baclet et al., in Inertial Fusion Sciences and Appli-
cations, edited by C. Labaune, W.J. Hogan, and K.A.
Tanaka (Elsevier, Paris, etc., 2000), p. 1083.
[3] N.A.Inogamov, The Role of RT and RM Instabilities in
Astrophysics: an Introduction, Astroph. and Space Phys.
Rev. Vol. 10, part 2 (1999).
[4] N. Tahir et al., (Ref. [2]), p. 576.
[5] P. Holstein et al., (Ref. [2]), p. 60; S.E. Bodner et al.,
Phys. Plasmas 5, 1901 (1998).
[6] G. Lacassin, F. Poggi, and G. Rodriguez, in Proc. of the
VI-th Intern. Workshop on Phys. of Compressible Tur-
bulent Mixing, Marseille, 1997, ed. by G.Jourdan and
L.Houas (IUSTI, Marseille, 1997), p. 289.
[7] G. Jourdan et al., in Proc. of 22nd Intern. Symp. on
Shock Tubes, London, 1999, (Imperial College, London),
paper 1000; J.R. Kamm et al., ibid. paper 4259; F. Poggi
et al.,ibid. paper 0680; Phys. Fluids 10, 2698 (1998);
O. Sadot et al., Phys. Rev. Lett. 80, 1654 (1998); A.N.
4
Aleshin et al., Mekh. Zhidk. Gaza 6, 111 (1995); W. Ja-
cobs and C.E. Niederhaus, (Ref. [6]), p. 214.
[8] W. Hillebrandt, Astroph. J. 452, 779 (1995); V.V.
Bichkov and M.A. Liberman, Astroph. Space Sci. 233,
287 (1995); F.X. Timmes and J.C. Niemeyer, Astroph.
J. 537, 993 (2000); In some aspects ablation is similar to
combustion; J. Sanz, Phys. Rev. Lett. 73, 2700 (1994);
L. Masse, L. Hallo, and C. Tallot, (Ref. [2]), p. 220.
[9] S.I. Anisimov, Ya.B. Zel’dovich, N.A. Inogamov, and
M.F. Ivanov, in Shock Waves, Explosions and Detona-
tion, ed. by J.R.Bowen et al., Progr. in Astronautics and
Aeronautics Ser., AIAA, vol. 87, p. 218 (1983).
[10] R.A. Chevalier and J.M. Blondin, Astroph. J. 444, 312
(1995); E.M. Reynoso et al., ibid. 491, 816 (1997); P.F.
Velazquez et al., Astron. Astrophys. 334, 1060 (1998);
V.V. Dwarkadas, Astroph. J. 541, 418 (2000).
[11] N.J. Zabusky, Annu. Rev. Fluid Mech. 31, 495 (1999).
[12] D.H. Sharp, Physica D 12, 3 (1984); H.-J. Kull, Phys.
Reports 206, 197 (1991).
[13] D.R. Farley and L.M. Logory, (Ref. [1]), p. 311.
[14] O.M. Belotserkovskii and A.M. Oparin, Numerical Ex-
periment in Turbulence: from Order to Chaos [in Rus-
sian], Nauka, Moscow (2000), 2nd ed.
[15] D.L. Youngs, Phys. Fluids 3A, 1312 (1991); X.L. Li, ibid.
8, 336 (1996); X. He et al., ibid. 11, 1143 (1999); J.
Glimm et al., SIAM J. Sci. Comput. 19, 703 (1998).
[16] N.Inogamov, Astr. Lett. 20, 651 (1994); JETP 80, 890
(1995); Laser Particle Beams 15, 53 (1997); (Ref. [6]), p.
208; N.Inogamov, A.Oparin, JETP 89, 481 (1999).
[17] D. Layzer, Astroph. J. 122, 1 (1955).
[18] U.Alon et al., Phys. Rev. Lett. 74, 534 (1995).
[19] K.O. Mikaelian, Phys. Rev. Lett. 80, 508 (1998).
[20] S.I. Abarzhi, Phys. Fluids 11, 940 (1999).
[21] Q. Zhang, Phys. Rev. Lett. 81, 3391 (1998).
5
This figure "fig1.jpg" is available in "jpg"
 format from:
http://arxiv.org/ps/physics/0104084v1
This figure "fig2.jpg" is available in "jpg"
 format from:
http://arxiv.org/ps/physics/0104084v1
This figure "fig3.gif" is available in "gif"
 format from:
http://arxiv.org/ps/physics/0104084v1
This figure "fig4.jpg" is available in "jpg"
 format from:
http://arxiv.org/ps/physics/0104084v1
